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Resumo

Esse trabalho apresenta uma solucédo exata para o problema de valor de contorno que
descreve a flambagem linear por compressao axial de painéis cilindricos com reforgadores
acoplados as bordas curvas. As condicbes de contorno diferem do problema classico
simplesmente apoiado, em geral assumido para fins de projeto, no sentido de que a torsdo
resistida pelos reforcados sao levadas em conta. A presenca dos reforcadores torna os resultado:

obtidos aqui de grande interesse prético e valiosos como dados para referéncia.



Abstract

This work presents an exact solution for the boundary-value problem which describes
the linear buckling of axially-compressed cylindrical panels with frames attached to the circular
edges. The boundary conditions differ from the classical simply supported ones, often assumed
for design purposes, in the sense that the torsion resisted by the frames is also taken into account.
The presence of the frames makes the results reported herein of practical interest and valuable

as benchmark data.
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1 Introduction

Circular cylindrical panels are important structural components in many engineering
applications, such as aircraft fuselages, exteriors of rockets, submarine hulls, offshore
platforms, and many others. The skin of a fuselage, for instance, can be thought of as an
assembly of cylindrical panels supported by frames (circumferential stiffeners) and stringers
(longitudinal stiffeners). In typical design, these panels are the structural components to buckle
first in order to exploit the structure load capacity efficiently][1A2 isolated panel, extracted
from a skin portion between adjacent stiffeners, can thus be used as a simple solution domain
to estimate the skin buckling.

The classical simply supported conditions, often assumed for design purposes, are
represented by the requirement that the radial displacements and the bending moments be zero
along the edges of an isolated panel, in addition to the constraint of null tangential
displacements and normal in-plane stress resultants associated with the buckling deformation.
Unlike the above-mentioned conditions, in this paper the bending moments along the panel
circular edges are not made zero but equal to the torsion resisted by the attached frames. This
will make these edges to be somewhere between simply supported and clamped. The linearized
Donnell's equations, with prebuckling rotations neglected, are chosen to describe the panel
buckling behavior [B

The frames are supposed to resist torsion in two ways: the first is denoted by Saint-
Venant torsion, the second by warping torsiop Fbr most practical cases, one contribution
may be neglected as compared to the other. Warping torsion is usually negligible in bars with
solid or thin-walled closed cross sections. Saint-Venant torsion, on the other hand, may be
neglected in thin-walled open cross sectiorjs@ir exact solution is independent of whether
the Saint-Venant torsion or the warping torsion are resisted separately or together, and can be
used to judge the relevance of each contribution if desired.

The exact solution for buckling of axially-compressed cylindrical panels with all edges
simply supported is easy to be found. [Bclusion of the torsional resistance due to frames
attached to the circular edges makes the problem complicated, for which an exact solution is
difficult to be identified. It appears, to our knowledge, that no attempt has been made so far to
solve it exactly. The exact solutions reported by Wilde et al [7], for instance, argcafigc
for axially compressed cylindrical panels with three edges simply supported and one edge free.

They do not explain the reason why the critical buckling mode is given as a summation of
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trigonometric and hyperbolic functions, no matter how small or large is the load at which a
panel buckles.

Our proposed exact solution, which is the objective of this bachelor thesis, which is
based on a Lévy-type procedure [8]s heen motivated by the author’s need of benchmarks to
test the accuracy of a fast tool under development to predict the skin buckling of reinforced
cylindrical shells. The solution is stated in a suitable detail, identifying all the function spaces
where the critical buckling mode should be sought, and used to highlight the effects of the panel
aspect ratio, shallowness and frame torsional resistance on the critical load.

This work is structured in five chapters. Chapter 2 presents some theoretical background
to the understanding of the mathematical formulation and solving of the problem. Chapter 3
shows the Donnékl equations and demonstrates that their solutions to the analyzed cylindrical
panel may be divided into five different cases. Finally, there are two appendices where it is
shown how to derive the torsion moment of the frames and all the solution coefficients. Finally,

there is a conclusion followed by the references on which this work is based.
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2 Theoretical Foundation

As the problem solving is developed, some mathematical resources, like the ordinary
and partial differential equations solving methods and the principle of virtual displacements is
used. In order to proceed in the objective of finding a solution to the Drwglations, some
theoretical background is worth explaining.

Before continuing, let us define the notation to the differentiation operator, for example,
related tox as( )., and the one related was( ),. If we want do get a higher order
derivative, we can repete the variable symbol lke) ,, or ()., Generalizing, with
derivatives with ordergm andn in x andy, respectively, an appropriate notation would be

() xmyn. That notation does not exclude other well-known notations, like the Leibnitz

notationdy /dx or the Lagrange’s f'(x), or simplyf”.

2.1 Change of Variables

In terms of simplifyingthe partial differential equations’ system, we take hand of a
technique consisting in changing the independent variables to another, usually normalized, that
can reduce the problem with coefficients. For example, assume the task of changing the initial
variablesx andy of any functionu(x, y) to another two variablé€sen. To do this, we have to

pay attention to the chain rule. For the first differentiation orders, the following equations are

valid
Uy =Ug e+ UpT
Uy =Ugly T upn,y
Upx = Ugels + 2U gl e + UpnM + Ue o + Uyl
Uyy = Ugedy + 2UgndyMy + Uty + Ugdyy + Uyl yy
Uy = Ugelady + Uen(Saxtly + ExyM) + Upyally + ey + Uyl ay (2.1)
In this work, we have a particularly simple case, in which we can write
§=cx n=cy (2.2)

wherec is a constant. For this case, we note that the partial derivatjasdn . are both null,

and thus we can write

Uy =CUs Uy =CUy (2.3)
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and then generate a more general equation

U xmyn = C(m+n)u,$mnn. (24)

2.2 Solution to Partial Differential Equations

A partial differential equation, also know as PDE, is an equation involving functions
with two or more independent variables and depending also on their partial derivatives. These
type of functions are widely common in physics and engeneering problems.

In this particular study, the PDE presented on Chapter 3 will be solved supposing an
appropriate variable separation. We want this solution to fulfill both boundary values and

Donnell’s equations.
2.3 Solution to Ordinary Differential Equations

For the sake of pursuing our task to find solutions of a PDE system, we have to take
some particular methods of solving ordinary differential equations, also called ODEs. The
boundary value problems of this kind of equation have a solution based on the Existency and
Unigueness Theorem, in which we will not enter in details. Before continuing, it is important
to know some concepts about diferrential equations.

A definition of ODE is any equation in the form

feyy,y".) =0 (2.5)
in which we call order of the equation the order of the highest derivativefogolution of an
ODE can be any functiop = g(x) that satisfies the previous equation. A general solution of
an ODE is a general linear combination of the solutions of the homogeneous equation summed
to the solution of the non-homogeneous equation.

There is a special type of ODE named Linear homogeneous differential equations with

constant coefficients. These type of equations can be shown in the form
y® +ay®V4ta, 1y +a,y=0 (2.6)

The way to solve this kind of equations consists in seeking for solution of the type

y(x) = e**. Substituting this form into the equation (2.6), we then have

s"+a; s+ +a,_4s+a,=0 (2.7)
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We now have a-order polynomial withm roots that can either be real, imaginary and
even be multiple roots. Let us consider a totitat could be any of these cases. We then have
some rules to define the solution, as follows.

o If §=0,thany(x) =c
e If 5is anon-null real simple root,
y(x) = e (2.8)
e |If 5is areal multiple root of ordér
y, = e5%,y, = xe%, y; = x%e5%, ...y, = xF"1eS¥ (2.9)
e If §is a purely imaginary root of the tyge= +if
Yy, = sin Bx Yy, = C0s fx
If 5is a complex root of the tyge= o + if8
vy, = e**sin Bx vy, = e**cos fx
If 5is a complex root of the tyge= +a + iff you can also write
vy, = cosh ax sin fx y, = cosh ax cos fx,
y3 = sinh ax sin fx Y4 = sinh ax cos fx (2.10)

e If §is a multiple complex root, the rule is similar to the real multiple root case.

Note that the solution of a boundary condition problem can be a linear combination of all

of these particular solutions, with constants being determined by the boundary conditions

applied to them.

2.4 Principle of Virtual Displacements

For the sake of determining how the torsion moment on the frames attached to the

circular edges of the panel behave, we take another mathematician trick widely used in

structural engineering: the calculus of variation and the principle of virtual displacements.

First, we have to define a physical quantity representing an energy an object has to

receive to move from a place to another one: the work. In terms of the displacement mector, a

infinitesimal work done by a force which moves this body is

dw = f F.di (2.18)
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Note that the work done by this force depends on the scalar product of the displacement
done by the object at this infinitesimal variation of time and the vector force itself. Thus, the
infinitesimal quantitydW is a scalar number, which can assume any real value.

We can observe that a particle, to have its static equilibrium disturbed, needs a positive
value of work done by an external force to be transformed ini&ieeergy. At this point, we
have to introduce a new mathematical entity called virtual displacement, denotad by
representing any materially possible arbitrary variation of space position done by the object.
The term virtual used, rather than real, takes place because no displacement has actually been
done, since there was no passage of time. This concept is very important to mechanics of

structures. The principle of virtual displacements says:

“A particle is in equilibrium if, and only if, the sum of the tiral works done by external

forces applied to it is null for virtual displacents”.

Another statement of this principle to a deformable solid, which is mainly the type of
body studied by the structural engineéss,

“A deformable solid is in equilibrium if, and only if, the sum of the tiral work done by

external and internal forcesng!l for virtual displacements”.
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3 Formulation of the Problem

Figure 3.1(a) depicts a circular cylindrical panel of radtudengtha, width b and
thickness h, subjected to a uniform distributed axial compressive fprper unit length and
referred to a set of orthogonal curvilinear coordinatesplaced in the panel midsurface. The

panel buckling is supposed to be described by the linearized Donnell's equations

4 % 1
Viu = _EW,xxx + Ew’xyy
4 24+v 1
Viv = _TW,xxy - Ew’yyy
8 Eh 4
DV®w + B2 Worwx +pViw,, =0 (3.1)

with prebuckling rotations neglected [3].The quantittesv and w are the midsurface
displacements in the, y andz directions,E is the Young's modulus, is the Poisson's ratio,

D = ER3/12(1 —v?) defines the panel bending rigidityy® denotes two successive
applications of the two-dimensional biharmonic oper&tr ) = ( ) T 20 Jxxyy +

( )yyyy and a comma followed by (or y) indicates differentiation with respectta(or y).

The boundary conditions (see Fig. 3.1(b)) to be applied differ from the classical simply
supported ones in the sense that the torsion resisted by the frames attached to the panel circular

edges are also taken into account:

N,=0 v=20 w=0 M,=M at x =+

N Q

u=20 N, =0 w=20 M, =0 at y=20,b. (3.2)

The in-plane forcesV,, N, and the bending momenfd,, M, are related to the

midsurface displacements by means of
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Y4 ' i e

X N=0 M =if

Fig. 3.1. Cylindrical panel: (a) geometry and loading; (b) boundary conditions.

M= et v (o + D) Ny = o (e v
M,=-D (W,xx + vwlyy) M, = —D(ley + VW,xx) (3.3)
and the external moments
i (i%,y) _ ?%(uw (i%,y) x %Wx (igy)>
+GrJs <Euyy (i g,y) + Wayy (i g,y)>
1 a a
+E Ty <§u,yyyy (i 5'3’) T Wayyyy (i 5'3’)) (3.4)

exerted by the frames on the panel edges+a/2 prevent them from rotating freely (see
Appendix A). The frames have torsional and warping consfanéd Iy, area moment of

inertia of the cross section about thaxis given byl;, material with Young's modulug and
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shear modulu§;, and are twisted by an amount,.. The first term in¥ is associated with

the frame out-of-plane bending, while the second and third terms are associated with Saint-
Venant and warping torsions, respectively.
An exact solution of (3.1) subjected to (3.22) can be accomplished most conveniently

by introducing the nondimentional coordinates

£ = 2Eh x _ |2Ehy (3.5)
P R 7 Pa R .

suggested by Nachbar [9],where

Eh?

The classical valug,; identifies the minimum buckling logdthat a simply supported

(3.6)

panel could ever achieved [6], according to the adopted linear buckling analysis. Reberring

these new coordinates, the system of equations (3.1) becomes

V4u = _VW,fff + W,&m

Vi = —Q2+ VIWegy — W
VBW + Weees + 2pV4W§$ =0 (37)

while the set of boundary conditions (3.2) reads

Ne =0 v=20 w=20 Mg=M at £ =+¢,
u=20 N, =0 w=20 M, =0 at n=0,n, (3.8)

with

P £ = 2Eh a _ |2EhD (3.9)
p P ° Pei 2R o P R. .

In (3.7) and (3.8), the operato® andV?® are written in the new coordinatésandn.

The quantities
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2Eh , 2Ehv(x,
wem = G wem= PR wien =52 @0

now represent nondimensional displacement parameters and

Eh Eh
Nsezl_vz(use+vvn+vw) Nn:—l_vz(vu,5+vln+w)
D 2Eh D 2Eh
Me = —EE(W& VW) My = —EE(VW& + Wy )
_ L Ely 28R
M(gom) = Fo 12— (g (Eéo 1) = w(téom)
FL 2R o + 2w (o)
- —_— ’ _W _ ’
R2 Pcit ,7777 o1 Pct A o1
L ErTy (2R 372 2Eh
*+ <p ; > unnnn(-'_gor 77) + W{nnnn(-'_EOr 77) (311)
c
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4 Results

Given the problem formulation, we now are able to find exact solutions by solving its
associated equations. A general buckling mode satisfying the simply supported boundary

conditions on edges = 0,71, can be assumed in the form

u(é,n) = U(§)sinkn v(&,m) =V(E) coskn w(&,n) =W()sinkn (4.1)

with

_ nmR [pg

b NZ2Eh (4:2)

and the integen standing for the number of half-waves in the circumferential direction. The
functionsU(§), V(&) and W (&) must be obtained so that the mode fulfills the conditions
required by the supports &t= +¢, and satisfies (3)7

After substitution of (4.1), the boundary conditions (3.8) on edgest¢, hold for
every0 <n < if

Ueg(£50) =0 V(£) =0 W(£H) =0

D pcl Eflf n27'[2 n4n-4-
Ew'fs(i%)i 2Eh\ RZ? + b2 Grlr + bt EfTy |We(2$0)
nznz Pea % Tl27'[2 _
2 (th) Eply + Gply + — 5= BTy JU(£40) = 0. (4.3)

On the other hand, the equation obtained after substitutier{éof)) into the third of
equations (3.7) holds for every poiit n) of the domain for nontriviakv (i.e.,W # 0) if

d8 6 4
—2(2k% — 6k* — 4pk? + 1
d2
—2k*(2k? — p) + k8w = 0. (4.4)

dé?

Particular solutions of this homogeneous linear differential equation are in theforwhere

s denotes a root of the algebraic equation
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s® — 2(2k? — p)s® + (6k* — 4pk? + 1)s* — 2k*(2k? — p)s®? +k® =0. (4.5)

The roots of (4.5) can be easily found by rewriting the equation as

52 — k2 4 52 — |2 2
< - >+2p< - >+1=0 (4.6)
from which
i T+ AR
s = > (4.7)
where
M=p—p*—1 L=p+yp*—-1 (4.8)

and i = v—1 denotes the imaginary unit. It is clear from physical considerations that the
buckling will always take place fgr > 1 due to the attachment of frames to the panel edges
¢ = £&,. In view of this evidence, the parametgss> 1, > 0.

The presence of the constant téefn(k > 0) in (4.5) and the propertl > 0 anticipate
that zero and real roots do not exist. Depending on the valugsaofl k, the roots may be

grouped according to the five cases in the sequel.

41 Casel:0<k?<a,/4

All the roots are distinct and purely imaginary:

51 =S5 =1Y1 S = —Sg =1Y2 S3 = =Sy =1Y3 Sy = —Sg =1y, (4.9)

with

Viy N EJA —4k2 sy 2, [, —4K? 410
Vz} B 2 n} 2 ' (4.10)
The solution of (4.4) may then be taken in the form

W) = W;siny,& + W, cosy,;& + W3 siny,& + W, cosy,&
+ Wi sinyzé + Wy cosyzé + W, siny,& + Wg cosy,é (4.11)
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whereW; are arbitrary constants.

Because thgz plane is a symmetry plane for the structure (see Fig. 3.1(a)), the buckling
modes can be separated into two distinct symmetry classes, which may be readily identified by
the shape o’ (¢). The modes may be classified by whether the displacement compoigent
symmetric or antisymmetric with respect to gheplane. The displacement componanind
v will then also have appropriate symmetries. This separation not only aids in identifying and
classifying the buckling mode, but also reduces the eigenvalue problem to two distinct problems
with smaller determinants to be evaluated. Using the subscripts “s” and “a” to refer to

symmetric and antisymmetric parts, Eq. (4.11) is split into

Ws(§) = Wigcosy & + Wys cosy,$ + Wag cosyad + Wy cosysé
Wa(g) = Wigsin V1E + Wy, sin VZE + W3, sin V3E + Wyq sin V4E (4-12)

where W;, and W;, are appropriate redefinitions &¥;. From (3.7), (4.1) and (4.12), the
functionsU (&) andV (&) may also be split into

Us(g) = Wlsuls sin V1E + WZSuZS sin VZE + W3su3s sin V3E + W4su4s sin V4E

Ua(f) = Wlaula Cos V1E + WZa”Za Cos VZE + W3au3a Cos V3E + W4au4a Cos V4E

Vs‘(g) = Wlsvls Cos Vlg + WZSUZS Cos VZE + W351735 Cos V3E + W451745 Cos V4E
Va(g) = Wlavla sin V1E + WZaUZa sin VZE + W3av3a sin V3E + W4av4a sin V4E (4-13)

The coefficientsy;, u;,, v;s andv;, are detailed in Appendix B.
Introduction of the symmetric (or antisymmetric) displacement components (4.12) and

(4.13) into (4.3) fo€ = ¢, yields the homogeneous system of equations
KW =0, (4.14)

where the vectoW collectsW;, (or W;,) and the matriX is given in Appendix B. Each root
p of the equationletK = 0 represents a buckling load.

Since similar expressions to (4.14) hold for the remaining cases, for which theKnatrix
is also listed in Appendix B, only the functiobg¢), V(&) andW (&) associated with the

solution will be summarized next.
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42 Casell:k*=2,/4

As the parameteng, = y, in (4.10), the roots (4.9) reduces to
S1 =82 = =S5 = —Sg = I)1 §3 = —S7 = 1¥3 S4 = —Sg = ¥y (4.15)

The solutions (4.12) and (4.13) must be modified to account for the repeates] reots

So andSS = S¢.

Ws(§) = Wiscosy & + Was siny & + Wig cosys + Wag cosyag

Wa(§) = Wigsiny, & + W& cosys§ + Wagsinysé + Wyg sinyad

US(E) = (Wlsuls + WZSuZS) sin Vlg + WZSaZSE Cos Vlg + W3su3s sin V3E + W4su4s sin V4E

Ua(f) = (Wlaula + WZaUZa) Cos V1E + WZaaZaE sin Vlg + W3au3a Cos V3E
+ WaqUag COSYaé

Vs‘(g) = (Wlsvls + WZSUZS) Cos V1E + WZSﬁZSE sin V1E + W35U35 Cos V3E + W45U45 Cos V4E

Va(g) = (Wlavla + WZaUZa) sin Vlg + WZaﬁZaE Cos Vlg + W3av3a sin V3E
+ WyqVaq SIny4E (4.16)

The coefficientsy;, Ug, Ui, Uig, Vis, Vis, Vig, Vig are detailed in Appendix B.
43 Caselll: 1,/4 < k? < 2,/4

All the roots are distinct. Roots, s,, S5, S¢ are the complex roots

S1 = =55 .
Sy = _56} =ay tify, (4.17)

with
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4k2 — 4, V4

a, = — 2 B1=—5— (4.18)

and rootsss, sy, Sy, Sg are the purely imaginary roots identified in Case I. Splitting the solution

of (4.4) into symmetric and antisymmetric parts as before,

W (&) = Wi sinh a; € sin ;& + Wy cosh a1 & cos 1€ + Wag cosyz€ + Wy, cosy,é

W, (&) = W4 sinh a; & cos 1€ + Wy, cosh ay & sin & + W3, siny3& + Wy, siny,€

Us(g) = (W15u15+W25u25) Sinh 0(15 Cos .815 + (Wlsals-i'WZsaZs) COSh alg sin 1815
+ W3su3s sin V3E + W4su4s sin V4E

Ua(f) = (Wlau1a+W2au2a) Sinh 0(15 sin .815 + (Wlaala-i'WZaaZa) COSh alg Cos 1815
+ W3au3a Cos V3E + W4au4a Cos V4E

Vs‘(g) = (Wlsvls +W25v25) Sinh 0(15 sin .815 + (W151715+W251725) COSh alg Cos 1815
+ W351735 Cos V3E + W451745 Cos V4E

Va(g) = (Wlav1a+W2av2a) sinh 0(15 Cos .815 + (Wlaﬁla-i'WZaﬁZa) cosh alg sin 1815
+ W3o V34 Siny3E + Wy, Siny,€. (4.19)

The coefficientsy;, Ug, Ui, Uig, Vis, Vis, Vig, Vig are detailed in Appendix B.
44 CaselV:k?=2,/4

Rootss;, s, S5, S are the complex roots identified in Case lll, whereas,, s,, sg
reduce to the purely imaginary roots

S3 =S4 = —Sy; = —Sg = iY3. (4.20)

In order to account for the repeated raats= s, ands, = sg, the solution (4.19) must
be modified to read

W, (&) = Wig sinh ;& sin B1& + W, cosh a; & cos ¢ + Wag cosyz& + W, € sinysé
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W, (&) = W, sinh a;é cos ;& + W,, cosh a;é sin B1& + W, siny3é + W, & cosysé

Us(g) = (W15u15+W25u25) sinh 0(15 Cos .815 + (Wlsals-i'WZsaZs) cosh alg sin 1815
+ (W3su3s + W4su4s) sin V3E + W4sa4sf Cos V3E

Ua(f) = (Wlau1a+W2au2a) sinh 0(15 sin .815 + (Wlaala-i'WZaaZa) cosh alg Cos 1815
+ (W3au3a + W4au4a) Cos V3E + W4aa4a5 sin V3E

Vs‘(g) = (W15v15+W25v25) sinh 0(15 sin .815 + (W151715+W251725) cosh alg Cos 1815
+ (W3sv3s + W4sv4s) Cos V3E + W4517455 sin V3E

Va(g) = (Wlav1a+W2av2a) sinh 0(15 Cos .815 + (Wlaﬁla-i'WZaﬁZa) cosh alg sin 1815
+ (W3av3a + W4av4a) sin V3E + W4aﬁ4a5 Cos V3E- (4'21)

The coefficientsy;, Ug, Ui, Uig, Vis, Vis, Vig, Vig are detailed in Appendix B.

45 Case V:d,/4 < k?

All the roots are distinct and complex:

51 = _55 i 53 = —S .
5; = —56} =a; + 1.81 = —S;} =a, t 1,82 (422)
with
4k? — A; 1
G="—m— = \/2_1 (4.23)

The symmetric and antisymmetric solutions of (4.4) are

W, (&) = Wig sinh & sin B¢ + Wy, cosh a; & cos B1& + Wag sinh ay€ sin &
+ W,s cosh a,& cos ,¢€

W, (&) = W, sinh a;é cos & + W,, cosh a; & sin f;& + W;, sinh a,& cos B,&
+ W,, cosh a,€ sin ¢
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Us (5) = (W15u15+W25u25) sinh 0(15 Cos .815 + (Wlsals-i'WZsaZs) cosh alg sin 1815
+ (W3su3s+W4su4s) sinh 0525 cos .825 + (W3sa3s+W4sa4s) cosh 0525 sin 1825

Ua(f) = (Wlau1a+W2au2a) sinh 0(15 sin .815 + (Wlaala-i'WZaaZa) cosh alg Cos 1815
+ (W3au3a+W4au4a) sinh 0525 sin .825 + (W3aa3a+W4aa4a) cosh 0525 cos 1825

Vs‘(g) = (W15v15+W25v25) sinh 0(15 sin .815 + (W151715+W251725) cosh alg Cos 1815
+ (W3sv3s+W4sv4s) sinh 0525 sin .825 + (W3sﬁ3s+W4sﬁ4s) cosh 0525 cos 1825

Va(g) = (Wlav1a+W2av2a) sinh 0(15 Cos .815 + (Wlaﬁla-i'WZaﬁZa) cosh alg sin 1815
+ (W3av3a+W4av4a) sinh 0525 Cos .825 + (W3aﬁ3a+W4aﬁ4a) cosh 0525 sin 1825
(4.24)

The coefficientsy;, Ug, Ui, Uig, Vis, Vis, Vig, Vig are detailed in Appendix B.
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5 Conclusions

It has beedemonstrated, by means of Lévy’s method, that exact solutions can be found
for the buckling of axially-compressed cylindrical panels described by the linearized Donnell's
equations with simply supported conditions modified by frames attached to the circular edges.
Five different function spaces, in which the critical buckling mode should be sought, are
identified. Each of such spaces is defined by the relative values of the paraheteenda,.

The process of finding an exact solution leads to the eigenvalue pridtr: 0,

whose matrixK is a function of the load paramejerThe present work finished at this point,
after explicitly stating the matriK for each of the five possible function spaces. As a further
step, the eigenvalue problem must be solved to identify the critical load and corresponding

buckling mode.
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Appendix A — Torsion of the Frame

Equation (3.4) is not trivial, so this appendix will derive it, starting from the equilibrium
conditions of a circular bar and progressing through the principleof virtual displacements.

Let us start writing for the panel some equilibrium equations, what is easily done by
newtonian’s mechanics. Let us write the equilibrium for an infinitesimal element shown in Fig.
Al

v Ko™ Mi+dMi

/ Panel

Figure A.1- Cylindrical Panel with an infinitesimal element of frame.



() q.Rd0
e m.Ra'H M+dM

Mt

Figure A.2- Infinitesimal element of frame

From the equilibrium in the direction
—Qx +Qx +dQ, + qyRd6 =0 Rd6 = dy

dQy
dy

+4x=0

From the moment equilibrium aboziixis

de de de de
—M, sin7 — (M; +dM,) sin7 -M cos —- + (M + dM) cos —-— Q.Rd8 =0

do do do
—2M, sin7 —dM; sin7 +dM cos7 —QxRdO =0

do
—M, sindf — dM, sin7 +dM — Q,Rd6

—M,df + dM, — Q,Rd6 = 0
M, dM,

"R TRas @70

My | dM;
42X, =0.
R + dy Qx

From the moment equilibrium aboutaxis

de de de de
—M, cos7 + (M; +dM,) cos7 + Msin7 + (M + dM) sin7 +my,Rd6 =0

33

(A.1)

(A.2)
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do do do
dM, cos7 + 2M cos7 +dM sin7 + myRdf =0

do do
dM, cos7Md9 + dM7 +myRd6 =0

dM; + Mdf +m,Rdf = 0

M, M _
Rao TR T

m, = - _ M (A3)

Based on results of straight bars, we write

aM,,
M, = <Msv - W> (A.4)
in order to reduce the equilibrium equations to

Qx,y + Qx:O

Msv Mw,y
R My = Q=0

M
= = Mayy + Myyy —my =0 (A.5)

Equation (A.5) may by related to the principle of virtual displacements by means of

b M M,
f [(Qx,y + gy )0u — (— };’” + % + M, - Qx> 56,
0

M
+ (E + Mgyy — My yy + my> 59y] dy + - =0. (A.6)

Let us use this expression to discover the deformation-displacement relations which are

consistent to the equilibrium equations. Using integration by parts

b b
f Qx,y6u dy = Qx6u|g - f Qx6u,y dy
0 0
b b
f My, 4,60, dy = M, , 60,5 — f My, 66, dy
0 0

b
= M,,, 60,8 — M, 80, |5 + f M, 66, ,, dy (A7)
0

we obtain



b MSU MW
[(—wa,y + q,0u) + (— = 56, — ?wm +M6&6,, — Qx692>
0

M
+ (Ewy — My,80,,, — M, 50, + my59y>] dy 4 = 0
or

br (86, 86,
f M| —==060,y )+ Q(—bu, — 66,) + Mg, (—59y,y - T)
0

60
+M,, <—69y,yy - %) + q,6u + my69yl dy +--=0

or

b 0, 0,
f [M5 (— - 92y> +Q68(—uy — 6,) + My,6 (—eyy - —)
0 R ’ , ’ R

0

+M,,6 (—By,yy - 122y> + g, 0u + my69y] dy +--=0.
Admitting
0, =—-u,
SO

—fb[m(e—y—u >+M 5(0 —ﬁ)
P SV ,
o R yy y.y R
u
+M,,6 (By,yy—%)+qx6u+my69y] dy +--=0
and

By u

K="Uyy=F Ve = 0y.y ~ TR w

Substituition of the constitutive equations

M = —EI (u,yy + 9—y> M, = GJ (9y,y - u—y) My, = ET (gyrw Bl M)

R R R
into the last equilibrium equation (A.5) leatis
ET El + GJ
My = =5 Wyyyy + R Ly + ETOyyyyy — G] Oy yy + R2 By.

u
y —g . _ ¥y

35

(A.8)

(A.9)

(A.10)

(A.11)

(A.12)

(A.13)

(A.14)

(A.15)

This equation is equivalent ¥ in (3.4) ad, = wy, by the geometry of the problem.
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Appendix B — Displacement Coefficients and Matrix K

The coefficientsus, U;s, Uiq, Uig, Vis, Vis, Via, Vig and entries of matriK are listed in

the sequel.
Case |

Symmetric modes:

k? —vy? k% + (2 +v)yf
B e (1 o = 1,234 B.1
R 7 N Rk ‘ -
Kii = uisyicosyido kai = vis cosyido ks = cosyido
D, . | .
K4 = _Eyi cosy;&y — Ay, siny; &y + Bug siny; &, i=1234 (B.2)
in which

_ [Pa (Efly nPn? ntm*
A= 2Eh<R2 + h2 Gf]f+ X Efrf

n2n2 Det 3/2 n2n2
B=—r(555) |Erlr +Glr +—EfT7 ). (B.3)
Antisymmetric modes:
(Uig, Vig) = (—Uis, Vis) 1=1234 (B.4)
ki = —uiqy;siny;éo k2i = vig siny;éo k3; = siny;éy

D
Ky = — EVLZ siny;¢éoy + Ay; cosy;&y + Bu;, cosy;éy i=12734. (B.5
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Case I
Symmetric modes:
(Uss Uss) Uags Vis) Vs Vas) = (Ugs, Uss, Uss, Vs V3s, Vas) Of Case
1+v 1
Ups = 4k2 VUzs = 2K2
(Uzs) U2s) = (—Uss) Vis) (B.6)
k1i = usy; cosyio k12 = Upsy1 cOS Y180 + Ups(€OS Y180 — Y180 SINY1$0)
kzi = vis cos yi$o k22 = Va5 cOs Y180 + V2580 SIN Y1,
ks; = cosyi&o k3, = &osiny$o
kyi = — %%2 cosyi§o — Ayisiny;§o + Buys siny;do
kaz = %h(z cosy1&o — Y10 siny1éo) + A(sinys§o + ¥1$o cosy1&o)
+B (U, siny; &y + tys& cos y1&p) i=134 (B.7)
Antisymmetric modes:
(U1g Uzg Usg Vias V3a Vag) = (Uig, Usg Uags Vigs V3 Vag) Of Case ]

(U2, Uzas V2a, V2a) = (Uzs, —Uzs, —Va2s, D) (B.8)
ki = —uiqyisinyiéo k12 = —Uzq¥1siny 8o + Uz (siny1$o + Y180 COS ¥1$0)
ka1 = vig siny;do k22 = V24 5iN Y180 + V2480 COS Y10
ki = siny;$o k32 = o cosy1$o

D,
k4 = —E%’z siny;&o + Ay; cosy;éy + Bu, cosyéo
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D ) .
ks = — Eh(z siny;&o + ¥1&0 cosy1&p) + A(cosy1&o — ¥1éo siny1&p)

+B(Uyq cosY1ég + U o sinyép) i=1734 (B.9)

Case Il

Symmetric modes:

(u3sr Uy V3s,) 1745) = (u3sr Ugss V3s) 1745) of Case |

v—1 _ 1+v)a,
1

(qu, aZS) = (alsr _uls)

1 N (1+v)k . m
Vis T2k T T 4p2 Vis = 2kB,
(v25r 1725) = (_ﬁlsr vls) (B' 10)

ki = (ayuss + P1lis) coshay &g cos Bi &g + (@ liys — Pruss) sinha &g sin B, &g 1=12
ki = uisyicosyio  1=3,4

k,; = vis sinh a; & sin ¢y + Uy cosh a; &, cos B1€, i=12

ki = viscosyi§y =34

k31 = sinh a;&, sin B, &, k3, = cosh a; &, cos ;& k3; = cosyiéy i=34

D
ky1 = R [(af — BF) sinh &, sin By & + 2a, B; cosh a; & cos B €]

+(Aay + Buyg) cosh a, &, sin B &g + (AB;y + Buy) sinh a; &, cos B¢,

D
kyp = R [(“f - .312) cosh a; &, cos B1&o — 2a, 8 sinh a; &g sin B o]

+(Aa, + Bu,,) sinh a; &, cos B1 &y — (AB; — Bil,,) cosh a; &, sin 1€,
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b, . . .
kap = =5 vi cosyifo — Ayisinyido + Buissinyio =34 (B.11)

Antisymmetric modes:

(ular alar Uzq) aZar Via ﬁlar Vaas 1720,) = (_ulsr alsr alsr Ugs Viss _ﬁlsr 1715» vls)

(u3ar Uggr V3 v4a) = (u3ar Usg V3 v4a) of Case | (B' 12)

ki = (@i — Prllig) cosh ai$o sin B1&o + (aaliq + Bruia) sinh @i & cos B 1=12
kii = —uyisiny§y =34

k,; = v, sinh a; &, cos 1€y + 7, cosh a; &, sin B4 &, i=12

ki = vigsiny;$y 1 =3,4

k3, = sinh a;&, cos €, k3, = cosh a; &, sin f; &, k3; = siny;&, i=34

D
ky1 = R [(“f - .312) sinh a; &y cos 1o — 2a f; cosh a; &g sin B o]

+(Aa, + Biiy,) cosh &, cos f1&y — (AP — Buy,) sinh a4 &, sin B¢,

D
kaz = R [(af — B7) cosh a;&o sin 1o + 2a4 By sinh a; €; cos B &)

+(Aa, + Buy,) sinh a; &, sin ¢, + (AB;, + Buiy,) cosh a; &, cos 1€,

D . ,
Ky = _EVL'Z siny; &y + Ay; cosy;€g + Buy, cosy&g i=3,4 (B.13)

Case IV

Symmetric modes:
(ulsr alsr Ugss aZS’ Viss 1715» Vas) 1725) = (ulsr alsr Uzss aZS’ Viss 1715» V2s) 1725) of Case Il

(uzs, V35) = (Uzs, V35) of Case | (B.14)
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The coefficients €, U4, Vas, V4s) remain the same as those o iy, Vs, Vag)

found in Case Il withy; replaced by;.
ki = (ayu;s + Baitys) cosh a &g cos B1ég + (aqitys — fruys) sinh oy &g sin B4 &g (=12
k13 = Ussy3 cosy3éy k14 = UssY3 COSY3En + Uys(COS Y3 — V30 SiNY3<p)

k,; = vis sinh a; & sin ¢y + Uy cosh a; &, cos B1€, i=12

ka3 = V35 COSY3¢, kaa = V45 COSY3En + Tysép SiN Y3,
k31 = sinh ay$p sin B4 ¢ k3, = cosh a;§, cos B1o
k33 = cosysé ksy = &psinyséy

D
ky1 = R [(af — BF) sinh &, sin By & + 2a, B; cosh a; & cos B €]

+(Aay + Buyg) cosh a, &, sin B &y + (AB; + Buy) sinh a; &, cos B¢,

D
kyp = R [(“f - .312) cosh a; &, cos B1&o — 2a, 8 sinh a; &g sin B o]

+(Aa, + Bu,,) sinh a; &, cos B1 &y — (AB; — Bily,) cosh a; &, sin 1€,

D . .
kys = —Ey32 cosy3&y — Ays sinys &y + Busg sinysé

D . .
kyy = E]’s(z cos¥3éo — ¥3éo siny3&p) + A(sinyséy + ¥3&0 cosysép)

+B (uys siny3&p + tys€p cOSY30) (B.15)

Antisymmetric modes:
(ular alar Uza, aZar Via, ﬁlar V2a, 1720,) = (ular alar Uzq, aZar Via, ﬁlar V2a, 1720,) of Case III
(U3q, V3q) = (Uzq, V3,) Of Case ] (B.16)

The coefficients,,, U4, Vaq, Vag) remMain the same as those w3, 1,4, V24, V24)

found in Case Il withy; replaced by;.

ki = (ayuq — Prllig) cosh a; &g sin 1&g + (@1U;q + frUig) sinh ay &g cos B (=12
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kis = —uzqa¥3sinysdo kis = —Uyq¥ssinyséo + Uya(sinyzéo + v3do oS ¥3$0)
k,; = v, sinh a; &, cos 1€y + 7, cosh a; &, sin B4 &, i=12
ka3 = V34 sin Y380 ka4 = Vag siN Y38 + Ugado COSY3$0
k31 = sinh a; g cos 1o k3, = cosh a;§ysin B¢,
k33 = sinys$o k34 = $o cOS Y380
D 2 2 . .
kay = R [(ai — Bi) sinh a &g cos B1§o — 2ay By cosh a; &g sin B €]

+(Aa, + Biiy,) cosh a &, cos f1& — (AP — Buy,) sinh a4 &, sin B¢,

D
kaz = R [(af — B7) cosh a;&q sin 1o + 2a4 By sinh a; €q cos B &)

+(Aa, + Buy,) sinh a; &, sin B¢, + (AR, + Buiy,) cosh a; &, cos 1€,

D,
ks = —Ey32 sinys&g + Ays cosyzéy + Bus, cosyséy

D ) .
kys = —E]/s(z siny3&o + Y30 cos¥3&p) + A(cosy3ép — VY30 Siny3éyp)

+B(U4q cOSY3E0 + Usgép Sinyzép) (B.17)

Case V

Symmetric modes:

(ulsr alsr Ugss aZS’ Viss 1715» Vas) 1725) = (ulsr alsr Uzss aZS’ Viss 1715» Vass 1725) of Case III. (B' 18)

The coefficientsysg, Uz, V35, V3s) aNd iy, Uys, Vas, Uas) remain the same as those of

(Uqs, Uqs, V15, V1s) @Nd by, Uas, Vas, Tag), respectively, witlw; andg; replaced by, andp,.
ki = (ayu;s + Baitys) cosh a &g cos B1ég + (aqitys — fruys) sinh oy &g sin B4 &g (=12
ki = (apugs + Ballys) cosh ayéy cos Br¢0 + (@it — Bouys) sinh ay g sin Br€, i =34

k,; = vis sinh a; & sin ¢y + Uy cosh a; &, cos B1€, i=12
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k,; = v;s sinh a, &, sin ,&, + ;s cosh a, & cos ¢, i=34
k31 = sinh a; o sin B¢, k3, = cosh a;§, cos 1o

k33 = sinh a;¢o sin B¢, k34 = cosh a8, cos B8

D
ky1 = R [(af — B?) sinh &g sin By & + 2a, B; cosh a; & cos By €]

+(Aay + Buyg) cosh a, &, sin B &g + (AB;y + Buy) sinh a; &, cos B¢,

2l — B2) cosh s cos fufo — 2ayf, sinh as o sin o]

+(Aa, + Bu,,) sinh a; &, cos B1 &y — (AB; — Bil,,) cosh a; &, sin 1€,

kyp =

D
kaz =5 [(aF — B3) sinh az&y sin B2&o + 2028, cosh az&p cos 4]

+(Aa, + Biis,) cosh a, &, sin B¢, + (AB, + Busg) sinh @, &, cos B¢,

D
kyy = R [(Of% - ,322) cosh a,&, cos &y — 2a, 3, sinh a, &, sin £,8,]

+(Aa, + Buyg) sinh ¢ cos B¢y — (AB, — Blly,) cosh a, & sin B¢, (B.19)
Antisymmetric modes:
(ular alar Uzq, aZar Via, ﬁlar V2a, 1720,) = (_ulsr alsr alsr Uis) V1ss _ﬁlsr 1715» vls) (B- 20)

The coefficientss,, Uz, V3q, U34) aNd §lyq, Usg, Vaa, Vag) FemMain the same as those
of (Uya, Uia, Vigr V1a) AN Uag, Uag, Vaq, V2g), respectively, withe; andp; replaced by,

andp,.

ki = (@i — Prllig) cosh ai$o sin B1&o + (aaliq + Bruia) sinh @i & cos B 1=12
ki = (@auiq — B2llia) cosh @z &g sin fr60 + (azlliq + Pautie) sinhazégcos foéy i=3,4
k,; = v, sinh a; &, cos 1€y + 7, cosh a; &, sin B4 &, i=12

k,; = via sinh a, &, cos &y + Uy, cosh ayég sin B8, i=3,4

k31 = sinh a; g cos 1o k3, = cosh a;§ysin B¢,

k33 = sinh a;¢o cos B2¢o k34 = cosh a,, sin B4,



ky1 =

kyp =

k43 =

kyy =

e~ B2 sinh ax & cos By — 216 cosh axosin o]

+(Aa, + Biiy,) cosh a &, cos f1& — (AP — Buy,) sinh a4 &, sin B¢,

D
R [(af — BE) cosh a & sin By + 2a, By sinh a; &, cos B ]

+(Aa, + Buy,) sinh a; &, sin B¢, + (AR, + Buiy,) cosh a; &, cos 1€,

D
R [(Of% - ,322) sinh a;¢&, cos B€y — 2a, 5, cosh a, &, sin B8]

+(Aa, + Biiz,) cosh a, &, cos B,&y — (AP, — Bus,) sinh a, & sin B,¢,

D
R [(a5 — B3) cosh a, & sin B¢y + 2a, B, sinh ay &g cos B€4]

+(Aa, + Buy,) sinh a,&, sin $,&y + (AB, + Biy,) cosh ayé, cos B¢,

(B.21)
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