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“Porque aos seus anjos dará ordens ao teu respeito, 

Para que te guardem em todos os teus caminhos” 

 

Salmo 91:11 

 

 

“You gain strength, courage and confidence 

By every experience in which you stop to look the fear in the face. 

You are able to say to yourself    

"I lived through this horror, 

I can take the next thing that comes along"”  

 

Eleanor Roosevelt 

 

 

 

 

 



Resumo 

 

Apoiado em uma situação econômica favorável e nas suas grandes dimensões, o Brasil 

necessita incluir nos estudos que norteiam as suas políticas públicas, questões de identificação 

de potencial demanda para o transporte aéreo. A cobertura do transporte aéreo ao longo do 

território nacional caiu ao longo da última década, sendo que um conjunto expressivo de 

cidades deixou de ser servido pela aviação regular. O presente trabalho mostra um modelo 

baseado em modelos de escolha discreta visando o apontamento de cidades com potencial de 

serem incluídas nas malhas das companhias aéreas regionais. Uma comparação entre os 

modelos tradicionais Probit e Logit sugere que são equivalentes. Utilizou-se também um 

modelo Logit Aninhado com características não observáveis visando elencar microregiões 

brasileiras com potencial de operação sustentável do ponto de vista econômico. Os resultados 

foram apresentados considerando o cenário sócio-econômico de 2008. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Abstract 

 

Supported by a favored economical situation and its large dimensions, Brazil needs to include 

in studies that guides the public policies, issues of identification of potential demand for air 

transportation. The coverage of air transport throughout the country has dropped over the last 

decade, with a significant set of cities no longer served by regular aviation. The present work 

shows a model based on discrete choice models aimed at pointing to the potential of cities to 

be included in the meshes of regional airlines. A comparison between the traditional Probit 

and Logit models suggests that they are equivalent. A model Nested Logit with unobserved 

characteristics was used to rank the Brazilian microregions with potential sustainable 

economical operations. The results were presented considering the socio-economic scenario 

of 2008. 
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1. Introduction  
 

Given the favored situation of the Brazilian economy and its large territorial dimensions, air 

transportation is a major factor for a sustainable development of Brazil. Aviation in the 

country has experienced a consistent growth over the past years. Given by this scenario the 

design of a model for identification of the potential demand for regional air transportation is 

necessary for both public policy and infrastructure investment planning. 

The model is based on discrete-choice theory. The basic assumptions is that airlines – The 

decision maker – choose to operate different domestic locations – the alternatives – according 

to attributes like economic activity, population, distance to the next airport hub, etc. I employ 

the two most traditional models of this kind Probit and Logit, perform a systematic 

comparison between them in terms of regional air transportation markets identification. In 

terms of the definition of locations, we consider expanded metropolitan areas 

(“microregions”) as proxy of for the potential airport catchment area of cities. 

The contribution of this study relies on the development of a Nested Logit model with 

unobserved characteristics suggested by Berry (1994). With respect to previous literature, the 

present work is certainly the first application of this sort of model in the study of potential 

demand in regional airline industry. The proposed discrete-choice framework has the 

following characteristics. First, it involves, in the top level, taking into account two basic 

alternatives for the airlines the “Inside Good” – ie, effectively operating a given aircraft-hour 

in the market, and the “Outside Good” – ie, letting that aircraft-hour grounded. Second, in the 

intermediate level of the decision-making tree of airlines, we model the choice between the 5 

regions of Brazil – North, Notheast, Southeast, South and Midwest “macroregions” - , as we 

believe that locations within the same geographic region are similar to locations pertaining to 

different regions. And finally, the bottom level of the Nested Logit tree consists of the 

available locations to airlines. In order to pinpoint potential markets, I consider all possible 

locations, not only those with airports ready for schedule air transportation operations. In a 

version of empirical model, I consider only non-state capitals to check the robustness of 

results. 



Finally, the proposed model was developed along with estimatios of Outside Good and Inside 

Good. Besides, the econometric modeling, including the choice of variables, database used, 

etc, are described and employed in the empirical framework. 

The estimated equation of the Nested Logit model, based on the share that the flights in a 

microregion represent over the total flights in Brazil, is presented and then applied to  

empirically study the potential demand of Brazilian microregions. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



2. Regional Air Transportation 
 

2.1. Introduction 
 

Brazil is a continental country with an area of approximately eight millions of squared 

kilometers and with more than five thousand cities. In 2010, it has experienced an economic 

growth of 7,5%, following the IBGE (Brazilian Institute of Geography and Statistics) 

estimation, what is impressive due to the proximity of the 2008 crisis. 

So, due to Brazil’s area and favored economical situation the air transportation should have a 

major role in this scenario. From the public policy standpoint, it is crucial to promote the 

development of the countryside of the country, especially in regions with poor economic and 

social indicators, aiming at reducing concentration of population and economic activity in few 

major cities. Thus, a strong regional air transportation system should support the development 

of the Brazilian countryside. 

Besides, we nowadays have a situation of underinvestment and shortage of capacity of the 

major Brazilian airports which created barriers to the sustainable development of aviation in 

the main Brazilian cities. 

Based on this, the regional segment of air transportation in Brazil has good opportunities for 

rapid growth, with regional airports demanding public and private investments in order to 

accommodate this dynamics. 

 

2.2. Brazilian Aviation Situation 
 

The air transportation in Brazil has increased since the beginning of the 2000’s. Some changes 

in the Brazilian regulatory system in the end of the 1990’s and the start of airlines with a Low 

Cost, Low fare business (e.g. GOL Airlines) caused several changes in the dynamics of the 

market. 

The next Figures present the evolution of the air transportation in Brazil between 2006 and 

2008. It is possible to notice that the Brazilian fleet, frequencies of flights, available seats and 

hours of flight presented a considerable growth.  



Figure 1 – Commercial Airplanes Fleet  

 

 

Figure 2 – Frequencies of Flights  

 

 

Figure 3 – Available Seats  

 

Figure 4 – Hours of Flight 

 

 



Regarding regional air transportation in Brazil, the Figure 5 shows the total number of 

microregions per region followed by number of microregions with domestic commercial 

flights in 2008. 

 

 

Figure 5 – Brazilian Microregions 

 

The graphic above shows that the North region has approximately 50% of share of 

microregions with flights, probably due to the lack of highways and infrastructure for 

automobiles transportation. The Northeast region has roughly 12% of share only and 

Southeast microregions roughly 60% of share. Those differences occur probably because of 

the different economic development of regions and the different transportation infrastructure 

prioritized by the states of each region.  

 

 

 

 

 

 

 



3. Discrete Choice Models 
 

3.1. Introduction 
 

Discrete choice models are conceived to represent the decision maker choosing one option 

among a set of possible alternatives. Those models are originally based on binary decisions 

with the following assumptions. 

 

(1) Alternatives need to be mutually exclusive 

(2) Alternatives must be exhaustive 

(3) The number of alternatives must be finite 

(4) Only one alternative is chosen, the one with highest utility 

 

Those types of models are also derived from the random utility model (RUM) framework in 

which a utility is associated to each choice. This utility depends on the alternative and also on 

the decision maker and a decision never gives the same utility for different individuals. 

 

Equation 1 shows the utility obtained by the individual n when the alternative j is chosen. It is 

composed by term that represents the observable factors that influence the utility,njV , and the 

term that considers the non-observable factors, nj� , also known as random term. 

 

, ,nj nj njU V n j�� � �
 

Equation 1
 

 

To sum up, it can be inferred that the decision maker will choose the alternative that gives the 

highest utility and the value of utility obtained depends on intrinsic characteristics of each 

individual and the different characteristics of the alternatives. So, two individuals can make 

the same choice, but the utility is different for each one.  

 

This work will present a short comparison between two important discrete choice models 

named Probit and Logit. The following topics will evaluate its behavior in a choice model for 

air transportation.  



3.2.  Probit and Logit 
 

3.2.1. Probit 
 

The Probit is one of the commonly used models to obtain binomial responses. As a discrete 

choice model, it is ideal to responses like 0 or 1, which may represent qualitative responses 

like yes or no, true or false etc. It is based on the utility obtained by the decision maker, as 

was discussed in the last topic. 

The main difference of this model to others is the random partnj� , which is based in normal 

distribution that makes the Probit be the inverse cumulative distribution function of the 

normal distribution. 

The following Equation 2 shows the function that defines a probability to a Probit model. One 

of the main characteristics is the fact that it does not have a “closed form”, it has to be defined 

by the integral presented below. 
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Equation 2
 

This equation results in a sigmoid curve, which is also known as “S-Curve” due to its shape 

and, often, is used to describe growths. By its shape, presented on the Figure 6 is possible to 

notice that in the beginning the growth is slow and rapidly become fast until arrive in the 

maturation point. 

 

 

 

 

 

 

 



3.2.2. Logit 
 

In the same way as Probit, Logit is also a discrete choice model to obtain binomial responses. 

It is based in the utility obtained by the decision maker when the choice is made and it is 

derived from a logistic distribution that has a form similar to the Equation 4. 

The utility model is the same presented in the Equation 1 and the main difference to the Probit 

is the random part,nj� , which is based in a Gumbel  distribution. Besides, the difference of 

two Gumbels distributions is distributed as a logistic, thus is possible to have the cumulative 

distribution function with following steps, where n represents a decision maker and j and k are 

different options. 
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Equation 5
 

So generalizing it to any options, the equation of the probability is given by 
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Equation 6
 

 

 

 



The Equation 6 represents de cumulative distribution function to the Logit model. This 

equation is a “closed form” equation, so it is most familiar to be used. 

The curve obtained by the use of the Logit is also a sigmoid, but is not the same as the 

Probit's. Figure 6 shows a comparison with the curves of Probit and Logit and is possible to 

notice that the main difference of the curves is the begging and in the end of the evolution of 

the probability. So, usually is said that the Logit has “fattered” tails because of its shape quite 

different of Probit's being “slower” in the beginning and “faster” in the end. 

 

Figure 6 – Logit and Probit curves 

 
 
 

 



3.2.3. Comparison 
 
Logit and Probit are similar distributions due to the characteristics presented in the last topics. 

So, to introduce an example of comparison, a potential demand model will be presented in 

order to compare and try to evaluate them. 

To create this, the fact of Brazil is divided in regions and each region is divided in 

microregions following the definitions and division made by IBGE (Brazilian Institute of 

Geography and Statistics) was considered. The main idea is to evaluate the possibility to exist 

a demand for regional air transportation in each of those microregions. 

The model that will be shown is a Probit model that was developed by Oliveira and Salgado 

(2008). The dependent variable is called Pr[Probit] and is a 0 or 1 variable. 0 means that there 

is no potential demand and 1 means that certainly there is potential demand for regional air 

transportation. The model was applied to all the microregions in Brazil. 

The Equation 7 shows the model with the independent variables showed below: 

� Pr[Probit]: Represents the probability to a location have regular flights using the 

Probit model 

� [*]� : Function representative of the distribution of probabilities (Probit model) 

� kGDP : Gross domestic product of the microregion k , in BRL. In the model : sr_gdp 

� _ kGDP boundary: Gross domestic product of other microregions in the same 

mesoregion which k  belongs, in BRL. In the model: xmr_gdp 

� kArea : Microregion area, in km². In the model: sr_area 

� kAttractions : Number of touristic attractions in the microregion k. In the model: 

sr_attr 

� _ kCapital dist : Average distance, in km², to the state capital of the cities that belong 

to the microregion k . In the model: km_med 

� _ kAirport dist : Distance to the closest airport in km. In the model: km_med 

� : _ , _ , _ , _k reg co reg ne reg n reg s� : Group of Dummies for regions Midwest, 

Northeast, North and South that represents a set of unobservable factors that may 

indicate potential demand. In the model: reg_co, reg_ne, reg_n, reg_s.  

� k : Regression random term 



  

, _ , Area ,  
Pr[Probit]

_ , _ , ,  
k k k k

k k k k

GDP GDP boundary Attractions

Capital dist Airport dist

� �
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�� �  

Equation 7 

 

The presented model was a base to develop a series of comparisons between Logit and Probit, 

once the models are similar. The comparison was made using a group of variables to create 

two models similar to the presented one being a Probit and Logit. 

However, in order to compare the two models with the same group with variables it was 

necessary to establish criteria. The following three criteria were used: 

� R² 

� P-value 

� Elasticity 

The R² is a parameter to evaluate how good a curve fits to a set of data. Usually the R² has a 

value between 0 and 1, where 0 means the curve has no fit being the worst case and 1 means 

the curve has a perfect fit, the best case. 

There are different ways to evaluate the R² of a curve and in this work the R² chosen was the 

McFadden’s. A characteristic of the McFadden’s R² is the fact it never reaches 1 and a value 

between 0,2 and 0,4 means a good fit of the curve to the data points. The Equation 8 shows 

how the McFadden’s R² is calculated. 

0
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R
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� �� 

� �  

Equation 8 

Where, 

� ln AL : Log – Likelihood of the alternative model. It is the likelihood considering a 

model with the coefficients estimated. 

� 0ln L : Log – Likelihood of the zero model. It is the model without the predictors. 



The main purpose of this criteria is to evaluate whether the model (Probit or Logit), with the 

group of chosen variables, has a good fit or not. The R² was calculated for each case as will be 

shown. 

The P-value is a way to see if a variable is statistically significant or not. In other words, that 

is a manner to evaluate if a variable will be rejected or not in the model and a rejected variable 

will not be part of the final model's equation. 

This is good to see if the Probit and the Logit have the same behavior in rejecting or not a 

variable. The test used was based in three levels of significance 1%, 5% and 10%, in other 

words every time that the P-value is higher than one on those levels is said that the variable is 

rejected 

The elasticity of a variable is a way to know how a change in this independent variable affects 

the dependent variable. The value of the elasticity means how a change of 1% in the 

dependent variable changes in the dependent.  

For example, if y and x are variables in a linear regression where y is the dependent and x is 

the independent, a elasticity of 0,2 for y means that when the value of x is changed in 1% the 

value of y will have an increase of 0,2. Equation 9 shows the definition of elasticity. 

 

,y x
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dx
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Equation 9
 

The purpose to calculate the elasticity for all the variables in the two tested models (Probit 

and Logit) is to understand the behavior of each term in the regression and try to see the level 

of importance of each variable in the models, once a variable with high elasticity it is 

supposed to be important and this fact needs to be understood. 

 

The comparison between the models Probit and Logit used different groups of variables 

which are listed in each one of the five cases. Tables 1 to 3 shows the list of characteristics of 

each model that were observed each column has the following meaning 

 

 



� Variable: Name of the variable used 

� Description: Meaning of the variable 

� Coefficient: Value of the coefficient in the regression 

� Value-p test result: P-value result for each variable, where following code indicates 

the level of significant for which it is not rejected. The Coefficients are repeated. 

o *: P-value < 0,01 (1% of significance);  

o **: P-value < 0,05 (5% of significance); 

o ***: P-value < 0,1 (10% of significance); 

� Elasticity:  Elasticity, extracted at the mean of each variable 

� R²: McFadden’s R² value 

Case 1: 

Table 1 - Probit and Logit results for Case 1 

 

 



The Case 1 shows the same group of variables used by Oliveira and Salgado (2008) in the 

original Probit Model. The variables theoretically rejected (reg_co, reg_ne, reg_n) by the P-

value test were the same in the Probit model and in the Logit Model. 

Besides, Probit model showed a higher elasticity for the variable related to the GDP of the 

region. This is interesting because GDP is a very relevant variable related with economic 

potential of a microregion. Also, the R² for the two models was very good. In both cases the 

value was higher than 0,4 what shows a good fit of the curve to the regression obtained. 

So, this first comparison is good to notice that none of the models compared had a great 

advantage in front of the other when comparing the quality of the regression obtained. 

Case 2: 

Table 2 - Probit and Logit results for Case 2 

 



The Case 2 shows the same group of variables of Case 1 plus the population of each 

microregion. The reason for the addition of the population (represented by the population 

sr_pop) is to have two variables usually with high correlation: GDP and Population. 

The variables rejected were also the same in both models, the elasticity’s were also close in 

the Probit and in the Logit with some elasticity’s higher in the Probit case and some higher in 

the Logit case. Besides, both R² were very close and in a range considered to have a good fit 

of the regression with data. So, this case also could not show any strong evidence that one of 

the models is better that the other. 

Case 3: 

Table 3 - Probit and Logit results for Case 3 

 



The Case 3 shows the same group of variables used in the Case 1, but the database was 

modified to do not include the microregions with state capitals. That is interesting to 

understand the behavior of the regression when the main microregions were excluded. 

The variables rejected were the same in the two models and also the same that in Case 1 

regression. The elasticity of GDP, for example, was smaller in the Case 3 than in Case 1 what 

is reasonable once the GDP had its importance lowered because the higher GDP’s were 

excluded. Besides that, the other elasticity’s were also coherent with what was presented in 

Case 1. 

The R² had a good value, close to 0,4 in both case, what shows the quality of regression’s fit 

to the data. 

The comparison done in the three cases presented results which were not conclusive to define 

whether Probit is better than Logit or the opposite, so the main conclusion that can be made 

looking to the data is that Probit and Logit are equivalent model with intrinsic characteristics. 

It is necessary to understand that choose of Probit or Logit to develop a model is not possible 

to predict which one will generate the best results. 

The following Figures shows the summary of the results presented on the last tables for the 

three cases analyzed. 

 

 

 

 

 

 

 

 

 

 

 

 

 



Figure 7 – Results for Case 1 

 

 

Figure 8 – Results for Case 2 

 

 

Figure 9 – Results for Case 3 

 

 

 

 

 

 

 

 

 

 

 

 

 



4. Nested Logit 
 

4.1. Introduction 
 

The Nested Logit model is strongly based on the Logit, once they are described by almost the 

same assumptions. It can be explained as a Logit applied to different groups of data with some 

caveats and with some conditions and properties that make it different from other models. 

As a discrete choice model, The Nested Logit is ideal to make choices. But the main 

characteristic of the model is to cluster the data in nests, which are groups of data with 

characteristics in common. Once the nests are created, the results for data in the same nest 

tends to be closer than the data in different nest, in other words the similar data generates 

more similar results. So, Nested Logit has the structure of nests and it needs to follow the next 

two assumptions. 

� The ratio of probabilities of two alternatives in the same nest is independent of the 

existence of other alternatives in other nests. 

� For alternatives in different nests the ratio of the probabilities can depend on other 

alternatives. 

The following equation is the same presented on Equation 6 with the difference that now the 

options can be in more than one group, where the different groups are the nests. It is based on 

the utility model shown previously, where it shows the probability to choose the alternative i 

in the nest Bk, by the decision maker n. Being niV the observable part of the utility model 

described previously. 
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e
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Equation 10 

An example of problem that can be modeled as a typical Nested Logit problem is the 

following. A person needs to go everyday to work but she has to choose the transportation 

modal. She can go by walking or by taking a ride with a friend and she can also go by own 

car, by bus or by train. Figure 10 shows a decision tree based on the five possibilities. 



 

Figure 10 – Decision tree  

Although, the transportation modals presented could be grouped in two sets following a price 

criteria: Walk and Ride are for free, so they will be grouped in a set named Free and Car, Bus 

and Train are going to be grouped in a set named Money. This new division shows that a new 

decision must be done before chose the transportation modal, the person needs to decide first 

whether to pay or not, in order to go to work and after that, the space of options is more 

restricted. The Figure 11 shows the decision tree based on this classification. 

 

Figure 11 – Decision tree with new classification 

This classification allow the resolution of this problem be modeled in a Nested Logit way, 

once the new groups will be the nests. Also, the elements in each nest are more similar among 

them in comparison with other elements from other nests. 

 

 



4.2. Logit with unobserved characteristics 
 

The Logit with unobserved characteristics is a different approach to obtain a Nested Logit 

model. It is also based on the consumer utility model. The Equation 11 show the utility model 

used to describe the choice of an alternative. 

The model will be based in the creation of two markets named Inside Good and Outside 

Good, where the first represents the real market, it is what exits at that moment, and the 

second represents the potential market, it is the unexplored market, in other words is 

everything that one day can be achieved. The Logit with unobserved characteristics will be 

based on these two concepts and the base equation for the model will be developed by the 

next steps presented below. 

 

Equation 11 

The utility obtained by the consumer i due to the choice of the product j, in the set of products 

g, is described by the sum of the three terms: j� , which is the utility intrinsic to the choice, 

ig which is a variable common to all products in set g, and ij�  is the random term. Besides, 

the ig  depends on , which it is a term that shows the correlation between the sets, where 0 

means no correlation and 1 means a complete correlation. 

The modeling of j�  is presented by the Equation 12, where the first term on the right side 

shows '
jx  which is a vector that includes all the observable characteristics of the choice j with 

�  being its coefficient. The second term j�  is a vector of non-observable characteristics and 

this is what also makes this option j different for different individuals. 

 

Equation 12 

 

DG is a term defined to help in some of the following calculations. DG is shown in the next 

equation, where Ng represents the nest g. 
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Equation 13 

So, Equation 14 shows the market share of the product j inside the group (nest) g as it was 

presented by Berry (1994). Considering that every nest has a group of products, the share 

presented by Equation 14 represents the force of the product j inside group g when compared 

to the other products inside g. 
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Equation 14 

So, once DG is defined previously, Equation 15 is just a substitution of the Equation 13 in the 

Equation 14. 
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Equation 15 

In the same way, Berry (1994) defined the share of a nest among the other nests as it is 

presented by the Equation 16.  It presents the force of the products inside a share among the 

other shares. If a share has many products with strong share among all products in all nests, 

the share of the nest obviously will be also high. 
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Equation 16 

Thus, in order to obtain the share of a product among all nests, the following product was 

made. It considers the choice of the nest, represented by the Sg , and the the choice of the 



product inside this nest, represented by Sj/g. So, the product of the two shares represents the 

share of the product among all nests as was said above. 
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Equation 17 

 

The probability associated with the outside good is going to be the only member of nest zero 

and is defined by Berry (1994) that 0 0�  and 0 1D � . So, Equation 18 shows the share 

associated with the outside good. 
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Equation 18 

 

Thus, ln( )gD is given by the Equation 19 through the combination of Equation 17 and 18. 
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 � ��   

Equation 19 

 

However,
 
ln( )gD  is also obtained by the application of the natural logarithm on both sides of 

the Equation 15. 
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Equation 20 

Using Equation 20 and 19, 

0 /ln( ) ln( ) ln( )j j j gs s S  

Equation 21 

Finally substituting the Equation 12 in the last equation, the final equation for the Logit with 

unobservable characteristics is shown in the Equation 22. 

'
0 /ln( ) ln( ) ln( )j j j g js s x S  

Equation 22 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



5. The Problem 
 

Brazil is a continental country divided in five different regions. Social and economical 

characteristics of each region are different. It is hard to create models to explain social and 

economical characteristics of Brazil due to its heterogeneity among the regions. 

The air transportation is also quite different in each region. A unique model to describe the 

potential demand for air transportation is hard to be obtained with good accuracy due to 

differences of the states and regions. 

The problem that is proposed in this work is to create a model to estimate the potential 

demand for regional air transportation in Brazil. This demand is supposed to considers the 

differences among the Brazilian regions. In order to include that, the problem will consider 

the country divided in microregions following the IBGE (Brazilian Institute of Geography and 

Statistics) division and for each one a potential demand will be made. So, it is going to be 

possible to evaluate if each Brazilian microregion has or not a potential for demand of 

regional air transportation. 

A way to minimize eventual errors or an attempt to create a more believable model is to 

incorporate inside the model the differences among the regions. In the presented model, 

Oliveira and Salgado (2008) used some dummy variables to include the intrinsic 

characteristics of each region. Although, that is not the best option because it still necessary to 

insert some variables inside the model and this may cause some discrepancies in the fit of the 

curve to the data points. 

A possibility to create a model with those characteristics is to use a Nested Logit model, as 

was described previously. The use of this model requires the creation of a decision tree with 

its nests and alternatives. In order to create a model with the differentiation of each region the 

Nested Logit seems to be a good alternative. 

 

 

 

 



5.1.  Modeling 
 

The modeling of the problem was based in the Logit with unobserved characteristics. To 

evaluate the potential demand using this model it was necessary to define clearly how big is 

the actual market and how big the potential market is. In other words, the actual market is the 

size of the air transportation market in each of the microregions and the potential market is the 

market that was not achieved yet but it has possibility to be reached. 

The size of the market was evaluated in terms of the number of seats used per microregion. 

Besides, the real number used to measure the size of the air transportation market in a 

microregion was a share, obtained through a ratio between the number of seats in the 

microregion and total seats in the Brazilian market. 

The actual market and the potential market excluding the actual market represents the Inside 

Good and the Outside Good, respectively, as was said in the last topic about the Logit with 

unobserved characteristics.  

The Inside Good represents the number of available seats for all available planes for the total 

number of flight hours for domestic commercial flights. Following the modeling presented in 

the last topic, each region has its own Inside Good as it is shown on Figure 12. 

 

 

Figure 12 – Nested Logit modeling 

 

 

 



The Outside Good was obtained through estimation of the average number of hours of 

domestic commercial flights in 2006, 2007 and 2008.  The Table 4 shows the data extracted 

from the ANAC’s information for total fleet, hours of flight and seats. 

Table 4 – Total seats, Total hours of flight and total fleet from 2006 to 2008 

 

Then for each year the theoretical maximum number of hours of flight was estimated. Using 

the HOTRAN database, the higher number of hours of flight per day of an airplane was 

around 12 hours for the three years. This number was assumed to be the best hours of flight to 

obtain the maximum utilization of the airplane, being a hypothetical value. Thus, to obtain the 

maximum hours, the total fleet was multiplied by 12 hours and then by 365 days, what means 

one year. Then to estimate the maximum number of seats the ratio shown by the Figure 13 

was made. 

 

 

Figure 13 – Estimation of maximum number of total seats 



So, the number of potential seats (Outside Good) was estimated with the following rational 

presented in the Figure 13. The results for Maximum and Total seats and Maximum total 

hours of flight are presented on the Table 5. From where it may be concluded that the Outside 

Good is approximately 85% higher than the Inside Good. 

 

Table 5 – Maximum total hour of flight and maximum total seats from 2006 to 2008 

 

 

With the values of Inside Good (Actual total seats) and Outside Good (Max total seats minus 

the Actual total seats) the model could be managed to go on. 

The rational used to obtain the outside good was based only on the present situation of the air 

transportation in Brazil. In other words, the number of airplanes, the hours of flight, the 

number of available seats were all data from 2006 to 2008. In order to obtain a more accurate 

result for the inside good, an option would be use a more recent database. 

Other possibility to obtain a better Outside Good would be add information about the capacity 

of the airports. Of course, it is not the most correct way to consider that all the airplanes will 

fly for 12 hours and the airports will have enough capacity to support all this demand. 

Besides, the assumption used to calculate the Outside Good did not consider the fact that new 

airlines and new airplanes would enter in the Brazilian market. So, a more accurate modeling 

for this Outside Good should also involve these criteria. 

 

 

 

 

 

 

 

 



5.2. Final Model 
 

The Equation 21 shows the structure of the Nested Logit model based on the Logit with 

unobserved characteristics already described in the last topic. It has all the independent 

variables listed on the Table 6, a term related to the share of the microregion inside the region, 

which is the term that makes the link between the regions and makes, a random term that has 

the characteristic to incorporate all the factors not possible to the modeler to regard and 

include inside de other terms of the model. 

Besides, the share of the outside good is also represented and the share of the microregion 

considering the total Brazilian market. The Equation 23 shown below is presented in a linear 

way with natural logarithms and in order to obtain the share of the microregion,js , is just to 

apply the exponential. 

 

Equation 23 

The set of variables chosen to be part of the model is listed in the following Table 6 

Table 6 – List of variables used in the model 

 

 



 

Two models were created with the variables presented on the Table 6. The first uses the 

database including all the microregions in Brazil, although only the microregions with 

domestic commercial flights were used to create the model. The amount of microregions 

considered was 131. 

The model as created with all the variables listed for each microregion considered and is 

presented below. The column Coef shows the coefficients for each variable presented on 

Table 6. The variable presented by lnsjs0 represents the natural logarithm of the ratio between 

the share of the microregion and the share of the Outside Good. 

The model that defines the existence of a potential demand for a determined Brazilian 

microregion is described in the following Figure 14.  

 

Figure 14 – First model  

 

The second model uses the same group of variables presented on the Table 6. Although, the 

database included only microregions which did not contain ae capitals with domestic 

commercial flights. The amount of microregions considered was 106.The model created is 

presented on the Figure 15 below. 

 

                                                                              
       _cons    - 1. 962328   . 1991466    - 9. 85   0. 000    - 2. 356495   - 1. 568161
       l ns j g     . 8520918     . 02676    31. 84   0. 000     . 7991264    . 9050573
      km_med    - . 0015088   . 0006931    - 2. 18   0. 031    - . 0028805    - . 000137
   s r _kmnohb    - . 0014571   . 0003669    - 3. 97   0. 000    - . 0021833   - . 0007308
     s r _ar ea    - 3. 81e- 06   1. 09e- 06    - 3. 49   0. 001    - 5. 96e- 06   - 1. 65e- 06
     xmr _gdp     2. 58e- 09   1. 40e- 09     1. 84   0. 067    - 1. 88e- 10    5. 34e- 09
      s r _gdp     5. 59e- 09   1. 74e- 09     3. 22   0. 002     2. 16e- 09    9. 03e- 09
                                                                              
      l ns j s0        Coef .    St d.  Er r .       t     P>| t |      [ 95% Conf .  I nt er val ]
                                                                              

       Tot al     729. 050559   130  5. 60808123           Root  MSE      =  . 56689
                                                       Adj  R- squar ed =  0. 9427
    Res i dual     39. 8498186   124  . 321369505           R- squar ed     =  0. 9453
       Model     689. 200741     6   114. 86679           Pr ob > F      =  0. 0000
                                                       F(   6,    124)  =  357. 43
      Sour ce         SS       df        MS              Number  of  obs  =     131



 

Figure 15 – Second model  

 

Regarding the Equation 23, the reason to use only microregions with flights is because it is 

necessary to have a share for the microregion to input in the term /ln( )j regions , otherwise the 

logarithm will be equals to zero and so, it will not be defined. 

The two models obtained had a very good fit to the data, being the MacFadden’s R² equals to 

0,945 to the first model and 0,915 for the second model. 

Besides, the share of all microregions where calculated by both models. For the microregions 

with actual flights, the models were applied exactly as they are presented before to calculate 

the shares. For the microregions with no flights, it is not possible to apply the model due to 

the existence of the term /ln( )j regions  where the share cannot be zero. So, to evaluate the share 

of those cases with no flights, the models were applied using only the terms with coefficients 

's� of the Equation 23. So, the term /ln( )j regions  was equals zero. 

That is good estimation for those cases, once the term /ln( )j regions  represents the participation 

of a microregion inside its region and as it does not have any flights it is natural to imagine 

that the participation of it in the region is null. Of course, the best model possible will be one 

that do not need this kind of estimation, but this was necessary to have an estimation of the 

share. 



Due to that, the comparison of the microregions will be limited. The share calculated through 

the models for those with actual flight will be compared only among them and in the same 

way the shares calculated for the microregions with no actual flights will be compared only 

among them, due to the differences in the equations. 

Regarding the shares obtained for all the microregions with domestic commercial flights, the 

Table 7 shows a ranking of microregions with highest shares obtained through the use of the 

models. It is interesting to see that the top shares are located in state capitals, what is natural 

to expect due to the high level of development of those cities. 

Table 7 – Top 10 Microregions with domestic commercial flights in 2008 by the two models 

 

Now, regarding the shares obtained for all microregions without domestic commercial flights, 

Table 8 shows the ranking of the microregions with the highest estimated shares. The table 

also presents a column with the percent difference between the share obtained by the second 

model and the share obtained by the first model. It can be noticed that the microreegions with 

highest potential to have flights are located in the Southeast region and close to a huge city, as 

example of the top five which are near to São Paulo. 

Besides, the result obtained by the second model presented a higher share in some cases, 

probably due to the absence of the capitals, the microregions with strong economy and near to 

a big city like São Paulo improved their importance among the other microregions. 

The top 5 microregions presented by the Table 8 are located in São Paulo state, what really 

shows the force of São Paulo’s economy compared to the other states. Osasco presented a 

high difference (57%) of shares obtained by the two models. For this case, the strong 

economy of the microregion should explain the high predicted share. The difference is 



probably because of the absence of capitals which are the strongest economies in the second 

model. It is also interesting to see that a microregion is presented as a potential  

Also, all the predicted shares for microregions without flights are from the region Southeast, 

what shows one more the importance of this region.   

Table 8 - Top 10 Microregions without domestic commercial flights in 2008 by the two 

models 

 

 

Also, the Top 3 microregions without domestic commercial flights with highest shares per 

region estimated by the model without capitals are presented by the Table 9. This table shows 

the essence of the model, which is the use of it for identification of potential demand for air 

transportation in some cities, or location that do not have yet commercial flights. So, an 

interesting application of the model is also compare locations in the same region that do not 

have flight in a way to study which would have the stronger air transportation. 

 

 

 

 

 

 



Table 9 – Top 3 microregions per regions predicted by the second model 

 

The results presented until now are for a database created with the gross domestic product 

(GDP) of 2008 in all locations. So, another interesting analysis would be creating a different 

scenario for it. 

Thus, it was considered the GDP growth per microregion on the years of 2006, 2007 and 

2008. The average of these three growths was applied to the GDP of 2008 year over year until 

2014 and, so, the value for it year was obtained per microregion. Then, the shares were 

calculated with the last model presented without the capitals. 

After that, the top three highest shares per region were ranked and presented by the Table 10 

below. It also includes the growth of the shares when compared with the share estimated by 

the same model using the GDP of 2008. 

It is possible to notice that the highest share growth were obtained in the region southeast, 

probably due to the proximity of São Paulo city the GDP of them should be also high and 

model should have a high elasticity for the GDP. This estimation is good to show an 

application of the model in a future scenario. 

 

 



 

Table 10 – Top microregions considering an estimated GDP for 2014 

 

This prediction shown is an important example of how the model can be used in the future. 

The higher shares presented in the region Southeast region are probably due to the high GDP 

of them and also the higher GDP of the near microregions, once São Paulo city is a neighbor. 

Osascos presented the higher evolution until 2014 due to the high industrialization level 

experienced by the city in decade of 2000. So, as the growth of 2006 to 2008 was replicated to 

the following years until 2014. 

Regions North presented the lowest evolutions of share until 2014. This was expected once it 

has a weak and primary economy based on the internal subsistence with a few industries. 

Besides, the distance from the center of the microregions to the closest airports area higher 

than in other regions due to its large dimensions and few number of airports if compared with 

Southeast, for example. 

 

 

 



6. Conclusion 
 

The use of discrete choice models for regional air transportation seems to be a good option for 

support in binary decisions. Probit and Logit are similar models that can generate closer 

results if used to generate models with same data. 

It can be also concluded that both models created are consistent with its purpose. Both 

presented a good fit of curve with the data points and the variables chosen could explain 

different factors which can increase or decrease a demand for air transportation. 

The second model generated, used a database without the Brazilian capitals, what give to the a 

model regional approach, once the most developed cities with the main airports were not 

used. This model can presented as the model proposed in the beginning of the work as the 

model for identification of potential in regional air transportation. 

The equation of the model is shown previously. It can be applied to any microregion of 

Brazil, once the input data is given. 

The predictions with the future scenario for the GDP in 2014 also show a good approach to 

predict future potential demands. It showed microregions without flight now days that can 

have future good demand for air transportation.   

The model created can be worked further to improve its configuration or even to update the 

database that supports it. Besides, it is also possible to use it in different contexts trying to 

study groups of microregions or even new areas that would receive flights. 

 

 

 

 

 

 

 

 

 

 

 



7. References 
 

BERRY, Steven T., 1994. Estimating discrete-choice models of product differentiation. Rand 
Journal of economics,Vol. 25, Nº 2, pp. 242-262. 

BIERLAIRE, Michel. Nested Logit Models. Transport and Mobility Laboratory – Class 
notes. Ecole Polytechnique Féderale de Lausanne 

CIARLINNI, Marina, 2008. Modelos de escolha discreta e suas aplicação ao transporte aéreo, 
Revista de Literatura dos Transporte, Vol 2, Nº 2, pp. 42-65 

LANGER, Wolfgang, 2000. The assessment of fit in the class of Logistic Regression Models: 
A pathway out of the jungle of pseudo-R²s. Martin Luther University of Halle-Wittenberg, 

NAGLER, Johnathan, 2001. Lecture Notes on discrete choice models. New York University 

OLIVEIRA, Alessandro Vinícius Marques de, 2010. Notas de Aula da disciplina Economia 
do Transporte Aéreo. Instituto Tecnológico de Aeronáutica. 

OLIVEIRA, Alessandro Vinícius Marques de. & SALGADO,Lúcia Helena, 2008. 
Constituição do marco regulatório para o mercado de aviação regional. 

TRAIN, Kenneth, 2009. Discrete Choice Methods With Simulation. Cambridge University 
Press, Chapters 3, 4, 5. 

VASISHT, A.K., Logit and Probit Analysis. Indian Agricultural Statistics Research Institute. 

Brazilian Census 2008, IBGE (Brazilian Institute of Geography and Statistics). 

 

 

 

 

 

 

 

 

 

 

 

 



 
FOLHA DE REGISTRO DO DOCUMENTO 

 
1. CLASSIFICAÇÃO/TIPO 

TC 

2. DATA 

16 de novembro de 2011 

3. REGISTRO N° 

DCTA/ITA/TC-080/2011

4. N° DE PÁGINAS 

49 
5. TÍTULO E SUBTÍTULO: 

 

Application of a nested logit model for identification of potential demand in regional air transportation 
markets. 
6. AUTOR(ES): 

Paulo Thiago Araujo Moraes 
7. INSTITUIÇÃO(ÕES)/ÓRGÃO(S) INTERNO(S)/DIVISÃO(ÕES): 

 
Instituto Tecnológico de Aeronáutica – ITA  
8. PALAVRAS-CHAVE SUGERIDAS PELO AUTOR: 

Air transportation; Discrete choice model; Nested logit. 
9.PALAVRAS-CHAVE RESULTANTES DE INDEXAÇÃO: 

Transporte aéreo; Demanda (economia); Mercado; Modelos matemáticos; Administração de 

transportes; Transportes. 
10. APRESENTAÇÃO:      X Nacional  Internacional

ITA, São José dos Campos. Curso de Graduação em Engenharia Civil-Aeronáutica. Orientador: 
Alessandro Vinícius Marques de Oliveira.  Publicado em 2011.   

11. RESUMO: 

Supported by a favored economical situation and its large dimensions, Brazil needs to 

include in studies that guides the public policies, issues of identification of potential 

demand for air transportation. The coverage of air transport throughout the country has 

dropped over the last decade, with a significant set of cities no longer served by regular 

aviation. The present work shows a model based on discrete choice models aimed at 

pointing to the potential of cities to be included in the meshes of regional airlines. A 

comparison between the traditional Probit and Logit models suggests that they are

equivalent. A model Nested Logit with unobserved characteristics was used to rank the 

Brazilian microregions with potential sustainable economical operations. The results 

were presented considering the socio-economic scenario of 2008 

 

 
 
 

12. GRAU DE SIGILO: 

 
(X )  OSTENSIVO (  )  RESERVADO  (  )  CONFIDENCIAL (  )  SECRETO 

 
 


